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Summary
The finite difference time domain (FDTD) method has direct applications in musical instrument
modeling, simulation of environmental acoustics, room acoustics and sound reproduction paradigms,
all of which benefit from auralization. However, rendering binaural impulse responses from simulated
data is not straightforward to accomplish as the calculated pressure at FDTD grid nodes does not
contain any directional information. This paper addresses this issue by introducing a spherical array
to capture sound pressure on a finite difference grid, and decomposing it into a plane-wave density
function. Binaural impulse responses are then constructed in the spherical harmonics domain by
combining the decomposed grid data with free field head-related transfer functions. The effects of
designing a spherical array in a Cartesian grid are studied, and emphasis is given to the relationships
between array sampling and the spatial and spectral design parameters of several finite-difference
schemes.

PACS no. 43.55.Ka, 43.38.Ar, 43.55.Lb

1. Introduction

The Finite Difference Time Domain (FDTD) method
is gaining popularity in room acoustics [1, 2], environ-
mental acoustics [3] and musical acoustics [4]. Operat-
ing in the discrete time domain, FDTD is particularly
suited for obtaining wideband solutions, and for solv-
ing problems involving time variability, such as mov-
ing sources and receivers. For many applications, it is
common to subjectively evaluate modeled results by
means of auralization [5]. This process is most triv-
ially accomplished by modeling the impulse response
of a system and convolving it with pre-recorded free-
field stimuli in a post-processing stage. Such an au-
ralization can be either monophonic, meaning that no
spatial information is rendered, or binaural, in which
case the components of the modeled soundfield are fil-
tered with head-related transfer functions (HRTFs),

(c) European Acoustics Association

which can be seen as frequency and direction depen-
dent receivers. In geometrical methods [6], the spatial
information of the soundfield is inherent in the com-
putation, hence binaural filtering is straightforward
to accomplish. In wave based methods, however, this
information needs to be either explicitly modeled (for
example by embedding a scattering object in the sim-
ulation) or extracted by means of array processing [7].

By approximating instantaneous intensity vectors
from first order pressure gradients, Hacihabiboglu et
al. [8] have suggested a method for modeling direc-
tional microphones in the closely related paradigm
of digital waveguide modeling (DWM). While their
results demonstrate accurate modeling of low-order
directivity patterns, it is not clear how this method
applies to higher-order spatial filtering, as required
for binaural impulse response rendering. Southern et
al. [9] have addressed the problem of spatially encod-
ing a FDTD grid from the perspective of differential
microphone arrays. By placing spaced receivers on
grid nodes and applying the Blumlein difference tech-
nique, they suggested to encode the soundfield into
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a Higher-Order Ambisonics representation. While in
theory such encoded data could be transcoded into
a variety of reproduction formats, the problem of di-
rectly obtaining binaural signals from the FDTD grid
was not discussed. In addition, this approach - which
has been demonstrated for orders up to 3 - has yet to
be extended to a full 3D ambisonic encoding.
As a simplified solution for directly obtaining a binau-
ral response, Murphy and Beeson [10] suggested plac-
ing a circular object between two spaced receivers in a
2D grid, and demonstrated that an accurate reproduc-
tion of Interaural Time Difference (ITD) cues can be
achieved. Sheaffer et al. [11] extended this approach
by embedding a fully featured laser-scan of a human
head into a 3D finite difference grid. Their results in-
dicated that although both ITD and Interaural Level
Difference (ILD) cues can be effectively modeled, it is
challenging to reproduce the fine structure of spectral
cues with numerical schemes typically used for room
acoustics simulation. In contrast, Xiao and Liu [12]
as well as Mokhtari et al. [13], showed that an ac-
curate representation of a full HRTF set can be mod-
eled using specialized high-resolution FDTD schemes.
Nonetheless, such schemes appear to be too compu-
tationally expensive to be applied to realistic room
acoustics and environmental models.
The literature does not, so far, offer a robust solution
for directly modeling binaural responses in a FDTD
simulation. This paper addresses the problem of di-
rectional receiver modeling with specific applications
to binaural reproduction, by introducing a volumetric
spherical array which can be effectively quantized on a
finite difference grid. The underlying theory of repre-
senting a binaural soundfield using spherical harmon-
ics is presented (Section 2), followed by a discussion
on realization of spherical arrays in FDTD (Section
3). To facilitate rendering of a broadband binaural re-
sponse, a volumetric spherical array is suggested and
studied from the perspectives of numerical dispersion
and numerical robustness in Section 4. Lastly, numer-
ical results are presented in Section 5, demonstrating
the application of the proposed method to binaural
simulation.

2. Rendering binaural responses using
spherical harmonics

Consider a soundfield governed by the homogeneous
acoustic wave equation,

∇2p(r, t)− 1

c2
∂2

∂t2
p(r, t) = 0, (1)

where c is the speed of sound, ∇2 is the Laplace op-
erator and p(r, t) is the field variable which is here
assumed to be sound pressure. The wave equation
can be described in Cartesian coordinates such that
r ≡ (x, y, z) ∈ R3, or in spherical coordinates in which

case r ≡ (θ, φ, r) ∈ R2, where θ is elevation, φ is az-
imuth and r is radial distance. While Cartesian coor-
dinates are the natural choice for domain discretiza-
tion in a FDTD model, working in spherical coordi-
nates allows one to expand the soundfield in terms of
spherical harmonics (SH) which is key to the method
proposed in this paper. Let p(k, r,Ω) ≡ p(r, k) denote
the representation of p(r, t) in the frequency domain,
where Ω ≡ (θ, φ) is the solid angle, k = 2πf/c is the
wavenumber and f is the frequency. Assuming that
p(k, r,Ω) is square-integrable over Ω, then its spheri-
cal Fourier transform, denoted by pnm(k, r), and the
corresponding inverse transform are given by [14]

pnm(k, r) =

∫
Ω∈S2

p(k, r,Ω)Y m
∗

n (Ω)dΩ, (2)

p(k, r,Ω) =

∞∑
n=0

n∑
m=−n

pnm(k, r)Y mn (Ω) (3)

where
∫
dΩ =

∫ ∫
sin θdθdφ, and the operator (·)∗ de-

notes complex conjugation. The spherical harmonics
function, Y mn (·), is given by [14]

Y mn (Ω) =

√
(2n+ 1)

4π

(n−m)!

(n+m)!
Pmn (cos θ)eimφ,(4)

where n and m denote order and degree respectively,
and Pmn (·) is the associated Legendre function.

Consider now a soundfield composed of a contin-
uum of plane waves whose amplitude density is given
by the complex function a(k,Ω). When these plane
waves impinge on an open sphere of radius r, the
sound pressure at the surface of the sphere is given
by [14]

pnm(k, r) = bn(kr)

∫
Ω∈S2

a(k,Ω)Y m
∗

n (Ω)dΩ

= bn(kr)anm(k), (5)

where anm(k) is the spherical Fourier transform of
a(k,Ω), bn(kr) = 4πinjn(kr) is the radial function
[14], jn(·) is the nth order spherical Bessel function
and i =

√
−1. Following Rafaely [15], it can be shown

that the soundfield can be decomposed into its plane
wave components as follows:

anm(k) =
pnm(k, r)

bn(kr)
. (6)

Now given an HRTF set, for example for the left
ear, H l(k,Ω), whose spherical Fourier transform is
H l
nm(k), it is possible to render a transfer function,

pl(k), which represents the filtering of the soundfield
as well as the head, by [16]

pl(k) =

∫
Ω∈S2

a(k,Ω)H l(k,Ω)dΩ

=

∞∑
n=0

n∑
m=−n

ã∗nm(k)H l
nm(k), (7)
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where ãnm(k) = (−1)ma−mn (k) is the representation
of a∗(k,Ω) in the SH domain. The transfer function
for the right ear can be computed in a similar fashion
with the right ear HRTF, Hr(k,Ω).

3. Realization of spherical arrays in
finite difference simulation

To simulate wave propagation using the FDTD
method, the sound field is discretized on a Cartesian
grid such that

(x, y, z, t)→ [dX, fX, gX, uT ], (8)

where u and [d, f, g] are the index positions in dis-
crete time and space respectively, and X and T are
the spatial and temporal sample periods. Correspond-
ingly, the wave equation (1) can be modeled as [2]

[δ2
t − λ2(δ2

x + δ2
y + δ2

z + ȧδ2
xδ

2
y+

ȧδ2
xδ

2
z + ȧδ2

yδ
2
z + ḃδ2

xδ
2
yδ

2
z)]p

∣∣u
d,f,g

= 0, (9)

with the finite difference operators given by

δ2
t p
∣∣u
d,f,g

≡ p
∣∣u+1

d,f,g
− 2p

∣∣u
d,f,g

+ p
∣∣u−1

d,f,g
, (10)

δ2
xp
∣∣u
d,f,g

≡ p
∣∣u
d+1,f,g

− 2p
∣∣u
d,f,g

+ p
∣∣u
d−1,f,g

, (11)

δ2
yp
∣∣u
d,f,g

≡ p
∣∣u
d,f+1,g

− 2p
∣∣u
d,f,g

+ p
∣∣u
d,f−1,g

, (12)

δ2
zp
∣∣u
d,f,g

≡ p
∣∣u
d,f,g+1

− 2p
∣∣u
d,f,g

+ p
∣∣u
d,f,g−1

. (13)

The Courant number, λ = cT/X, and the free pa-
rameters ȧ and ḃ, are chosen according to the desired
numerical scheme of the FDTD model, see e.g. Ta-
ble I in [2]. Consider now impulse responses recorded
at Q grid nodes, arbitrarily distributed around some
point on the grid, which is further referred to as the
array’s center position. The pressure at each of these
receivers is transformed into the frequency domain,
resulting in a frequency-dependent vector

p = [p1(k) , p2(k) , · · · , pQ(k)]T , (14)

where (·)T denotes transposition. Each receiver has
its own angle and radial distance with respect to the
center of the array,

rq =
√

(dqX)2 + (fqX)2 + (gqX)2 (15)

θq = acos
gqX

rq
(16)

φq = atan
fq
dq
, (17)

with [dq, fq, gq] denoting the grid index of the qth re-
ceiver, respectively. By substituting Eqn. (6) into (3)
and truncating the infinite series at some finite or-
der, N , the pressure at each receiving node can be
approximated by [17]

p(k, rq,Ωq) ≈
N∑
n=0

n∑
m=−n

anm(k)bn(krq)Y
m
n (Ωq),

(18)

with Ωq ≡ (θq, φq) 1 ≤ q ≤ Q, and the approxima-
tion becoming equality as N →∞ or if the soundfield
is known to be order-limited at some finite order N .
This relationship can be expressed in matrix form as
follows:

p = Banm, (19)

where anm is a (N + 1)2 × 1 vector representing the
complex plane wave coefficients of the soundfield,

anm =
[
a00, a1(−1), a10, a11, . . . , aNN

]T
, (20)

and the Q× (N + 1)2 matrix B is given by

BT =


b0(kr1)Y 0

0 (Ω1) · · · b0(krQ)Y 0
0 (ΩQ)

b1(kr1)Y −1
1 (Ω1) · · · b1(krQ)Y −1

1 (ΩQ)
...

. . .
...

bN (kr1)Y NN (Ω1) · · · bN (krQ)Y NN (ΩQ)


(21)

where (·)T denotes transposition. If one samples the
sound field at a sufficient number of receiving nodes,
then Eqn. (19) represents an overdetermined system
of linear equations with a solution in a least-squares
sense, in which case plane wave decomposition can be
accomplished by [17]

anm = B†p, (22)

where B† = (BHB)−1BH is the Moore-Penrose pseu-
doinverse of B, and (·)H denotes conjugate transpose.
To obtain the left-ear transfer function, one may use
the coefficients contained in anm to compute Eqn. (7),
which is here truncated at the same order N .

4. Array design considerations

In the array processing literature, a general distinc-
tion is made between the spatial sampling scheme
(not to be confused with the numerical scheme of
the FDTD model), and the array configuration. The
sampling scheme determines the number of receivers
which are employed in sampling the sound field, as
well as their positions on the surface of a sphere. Typ-
ical sampling schemes include equal-angle, Gaussian
and (nearly) uniform, each having their own merits
and drawbacks [18]. When designing a microphone
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array according to a given scheme, it is important
that transducers are placed exactly at their desig-
nated positions, as mispositioned receivers introduce
processing errors resulting from phase mismatches. In
an FDTD model, pressure data is only directly avail-
able at grid nodes, which complicates conforming to a
specific sampling scheme. For example, choosing the
receiver positions as nearest grid points would entail
spatial quantization on the angular as well as the ra-
dial dimensions.

The array configuration refers to the type of sensors
and properties of the array surfaces. In a real-world
array design, the most straightforward approach is
to employ an array of pressure transducers (having
omni-directional pickup patterns) on the surface of a
(virtual) sphere, also known as an open sphere de-
sign. This configuration features the radial function,
bn(kr) = 4πinjn(kr), as defined in Section 2. The
most prominent shortcoming of this design is that the
radial function is zeroed at different combinations of
kr, which affects processing stability due to the di-
vision in Eqn. (6). One strategy commonly employed
to avoid this problem, is to measure the pressure over
the surface of a rigid sphere, in which case zeros in
the spherical Bessel function do not result in zero-
ing of the radial function [18]. In context of an FDTD
model, a rigid sphere array configuration requires em-
bedding a spherical object in the grid, which for any
non-conformal boundary model would result in fur-
ther modeling errors due to the staircase representa-
tion of the boundary [19]. Another alternative is to
use an open-sphere with cardioid microphones [20],
however, within an FDTD model, it is not clear how
one might employ such receivers in directions other
than the three principal axes for which particle ve-
locity can be trivially computed. Furthermore, both
open sphere and rigid sphere configurations have a
constrained bandwidth as they are numerically unsta-
ble at low frequencies, in which case the magnitude of
the radial function diminishes as kr approaches zero.

In order to cover a wider range of frequencies, a
dual open-sphere design can be employed. In this con-
figuration, pressure is sampled at two spheres having
some optimal radius ratio [21], which in practice re-
quires twice as many microphones to accomplish. To
minimize the number of required microphones in such
open sphere designs, spherical shell [17] and spindle-
torus [22] arrays have been suggested. In a numeri-
cal model, however, the number of receiving positions
is only constrained by the available system memory,
which relaxes the limitation on the total array size.
As the goal in this study is to design a robust receiver
array, which is scalable to various grid parameters and
numerical schemes, it does not seem feasible to con-
form to a single-sphere sampling scheme. Rather than
that, a volumetric approach is taken here, in which all
nodes within a predefined volume act as receivers, as
illustrated in Figure 1.

rmax

X

rmin

p(rq, ✓q,�q)

Figure 1. A 2D section of a volumetric shell array. rmax and
rmin are the shell’s outer and inner radii respectively, and
the FDTD spatial period, X, controls the density of the
receivers within the array.

While the nodal density on the grid is a priori dic-
tated by the design parameters of the FDTD scheme,
the total number of receivers is also dependent on the
volume of the array. Thus, it is useful to quantify the
effect of the parameters X, rmin and rmax (see Figure
1) on the overall performance of the array. These con-
siderations are further discussed in the remainder of
this section.

4.1. Numerical robustness

As previously noted, the PWD process described in
Eqn.(6) relies on division of pressure coefficients by a
radial function, whose magnitude in this case is pro-
portional to the magnitude of the spherical Bessel
function. As k or r approach zero (and therefore
|bn>0(kr)| → 0), the PWD process has a poor nu-
merical robustness, meaning that any input errors
present in p(k, r,Ω) will be significantly amplified. In
an FDTD model, such errors could be attributed to
numerical dispersion as well as to the finite computa-
tion precision.

Following Rafaely [17], we evaluate numerical ro-
bustness by computing the condition number of the
matrix B, which is defined by

κ(B) =
σ(B)

σ(B)
, (23)

where σ(B) and σ(B) are the maximum and mini-
mum singular values ofB, respectively. Figure 2 shows
the condition number for the array designs detailed in
Table I. All configurations are computed such that the
positions of spatial samples are quantized to nearest
grid nodes, except for the rigid sphere which serves as
a reference design. Non-volumetric arrays employ a
nearly-uniform sampling scheme tailored for N = 12.

As one would expect, the open sphere design (OS-
Q) is the least robust, with the condition number
peaking at frequencies corresponding to zeros in the
spherical Bessel function. The irregular distribution of
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Figure 2. Condition number of a matrix B as function of
krmax shown for a number array configurations designed on
an FDTD grid of sample period X = 10mm. In all cases,
the matrix B is computed with N = 12.

Table I. Description of modeled arrays. Np refers to the
total number of samples used.

ID Type rmax rmin Np

OS-Q Open, quantized 0.1 N/A 230

VS Volumetric 0.1 0 4169

VSH Volumetric (shell) 0.1 0.075 2066

DS-Q Dual, quantized 0.1 0.075 230

RS Rigid, non-quantized 0.1 N/A 230

these frequencies may be attributed to quantization
of receiver position to nearest grid nodes. When com-
paring the volumetric arrays (VS, VSH) to the rigid
sphere (RS) reference, it can be seen that the RS has
better performance at lower frequencies and VS/VSH
have lower condition numbers at high frequencies,
with the transition frequency being krmax = N .

4.2. Dispersion errors

One form of input error that might be amplified by the
PWD process is numerical dispersion, which is both
direction and frequency dependent. For the general
family of compact explicit FDTD schemes used in this
study, the dispersion relation is given by [2]

sin2 (πfT ) = λ2[(sx + sy + sz)−
4ȧ(sxsy + sxsz + sysz) + 16ḃsxsysz], (24)

with

sx = sin2

(
k̃X cosφ cos θ

2

)
(25)

sy = sin2

(
k̃X sinφ cos θ

2

)

sz = sin2

(
k̃X sin θ

2

)
,

where

k̃ =
2πf

c̃(θ, φ)
, (26)

is the numerical wavenumber, and c̃ is the numerical
wave propagation speed. Note that here (θ, φ) refer
to the wave propagation direction. It is also worth-
while noting that if a (near) isotropic FDTD scheme
is used, then one normally employs frequency warping
to reverse the effects of dispersion [23]. Accordingly,
the following numerical analysis for the IISO2 scheme
employs a post-warped numerical wavenumber in the
place of k̃, such that

k̃w = k̃
cw
c
, (27)

where k̃w is the post-warped wavenumber and cw is
the numerical wave velocity at one of the extremes of
the FDTD scheme.

In an FDTD simulation, numerical dispersion gen-
erally results in field errors which are amplified in the
PWD process. Apart from that, the decomposition
process itself assumes an ideal wavenumber, which
further affects the results. To better understand this
effect, we consider a single unit-amplitude plane wave
arriving from the direction Ω0 ≡ (θ0, φ0) and imping-
ing on the surface of a sphere of radius r. In the SH
domain, the pressure at the sphere’s surface is given
by [14]

pnm(k) = bn(kr)Y m
∗

n (Ω0). (28)

The PWD process can be seen as a maximum-
directivity beamformer whose look direction, ΩL ≡
(θL, φL), is tuned to the direction of the arriving plane
wave [15]. Accordingly, the output of the array can be
described as

y(k,ΩL) =

∞∑
n=0

n∑
m=−n

anmY
m
n (ΩL)

=

∞∑
n=0

n∑
m=−n

bn(kr)Y m
∗

n (Ω0)

bn(kr)
Y mn (ΩL)

= δ(cos θL − cos θ0)δ(φL − φ0). (29)

As expected, a single plane wave propagating in an
ideal medium reduces to a spatial delta function at
the array output. Consider now a similar situation,
only where the plane wave propagates in a dispersive
medium in which the numerical wavenumber and cor-
responding wave speed are direction dependent. This
results in a similar expression, only with k̃ denoting
the numerical (instead of analytic) wavenumber. Since
the soundfield is composed of a single plane wave,
it can be said that the numerical wave propagation
velocity c̃ is homogeneous across the entire physical
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domain (although it differs from its analytic counter-
part). Accordingly, it is possible to express the pres-
sure at the array in the SH domain as

pnm(k̃) = bn(k̃r)Y m
∗

n (Ω0), (30)

and the corresponding array output is given by

ỹ(k,ΩL) =

∞∑
n=0

n∑
m=−n

pnm(k̃, r)

bn(kr)
Y mn (ΩL)

=

∞∑
n=0

n∑
m=−n

bn(k̃r)

bn(kr)︸ ︷︷ ︸
An

Y m
∗

n (Ω0)Y mn (ΩL). (31)

Note that unlike Eqn (29), here the term "An" does
not cancel out due to the differences in radial func-
tions for the analytic and numerical wavenumbers. Ac-
cordingly, a spatial delta is fully recovered in a disper-
sive medium only in directions for which k̃ = k. The
volumetric array proposed here is based on an open-
sphere design, therefore the relative error in An, in
decibels, can be expressed as

En(kr) = 10 log10

[
|jn(k̃r)|
|jn(kr)|

]
. (32)

Figure 3 shows the values of En(kr) for three cases
of n = 0, n = 2 and n = 8. Results are shown for
two representative angles of incidence, namely an ax-
ial direction, Ωa ≡ (π2 , 0), and a diagonal direction,

Ωd ≡ (π2 − arctan
[√

1
2

]
, π4 ).

The Interpolated Wideband (IWB) scheme (ȧ =
1/4, ḃ = 1/16, λ = 1) features a constant rela-
tive phase velocity in the axial direction, whereas
the widely used Standard Rectilinear (SRL) scheme
(ȧ = 0, ḃ = 0, λ =

√
1/3) demonstrates similar be-

haviour only in the diagonal direction, albeit with con-
siderably lower frequency bandwidth. A similar trend
is evident in En(kr), showing an error of 0dB for
the IWB on the axial direction and for the SRL on
the diagonal direction. The error for the Interpolated
Isotropic (IISO2) scheme (ȧ = 0, ḃ = 1/6, λ =

√
3/4)

scheme vanishes in the axial direction, owing to post-
warping of the numerical wavenumber. It can also be
seen that the relative error increases with frequency,
which is to be expected. In addition, the error remains
at 0dB for a wider range of frequencies as the mode
order, n, is increased. This is proportional to the ro-
bustness of the array (see Figure 2), indicating that
even though dispersion is more prominent at high fre-
quencies, such errors will generally be less amplified
in the PWD process.

5. Binaural response simulation

To test the proposed method, a domain of 3× 3× 3m
was discretized in a grid resolution of X = 10mm,
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r
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r
)

kr
0 5 10 15

−20
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20

kr

Figure 3. Dispersion error, En, shown for a plane wave in-
cident axially (left column) and diagonally (right column),
and for orders n = 0 (top row), n = 2 (middle row) and
n = 8 (bottom row). SRL - Standard rectilinear, IWB -
Interpolated wideband, IISO2 - Interpolated isotropic.

corresponding to a total of 27 × 106 nodes. A sound
source was positioned at a radial distance of 1.5m
from a volumetric array (rmax = 0.1m, rmin = 0m, total
4169 nodes), and was placed at a minimum distance
of 1m from any reflecting boundaries. Simulation was
executed using the Interpolated Wideband numerical
scheme (fs = 34, 350Hz) until all propagated waves
have fully reached all receiving grid nodes, but with-
out introducing any reflections from the boundaries.
Although the proposed method is designed to op-
erate in free field as well as a diffuse field, such a
reflection-free response facilitates a preliminary com-
parison with a closed form solution. The grid was
excited using an impulse response of a 32nd order
maximally-flat lowpass filter [24, 25] with a cutoff fre-
quency of fc = 0.4fs (corresponding to 13, 740Hz).
This cutoff frequency is well above the 2% disper-
sion limit for the applied scheme, hence allowing for
the resulting signals to be contaminated with numeri-
cal dispersion errors. Resulting signals were then pro-
cessed using the method described in Section 3. To
further increase the robustness of the array, all radial
functions were soft-limited according to the procedure
suggested in [26] providing a total dynamic range of
80dB.

Figure 4 shows a left-ear transfer function rendered
using the method proposed in this paper, for a sin-
gle sound source incident at 0◦ and 45◦. The top two
curves (solid gray and dashed black) represent the re-
sults of volumetric arrays modeled using FDTD and
generated in closed-form, respectively. As additional
reference, a single reduced-order HRTF correspond-
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ing to the incident direction is also shown (lower,
solid gray curve). The reduced-order HRTF was ob-
tained by performing a forward and backward spheri-
cal Fourier transform over a left-ear HRTF, H l(k,Ω),
as in Eqns. (2) and (3), with the SH series truncated
at order N instead of infinity. All HRTFs were taken
off the KU-100 catalogue provided by the University
of Cologne [27].
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Figure 4. Magnitude of a left-ear binaural response shown
for (a) incidence angle of Ω = (π

2
, 0) and (b) incidence

angle of Ω = (π
2
, π
4

). FDTD - finite difference simulation,
PW - plane-wave closed form solution, RHRTF - reduced
order HRTF (scaled down by 6dB for visual clarity). All
results computed with (or reduced to) N = 12.

All reference models were convolved with the same
excitation signal used in the FDTD simulation, and
the reduced-order HRTF was scaled down by 6dB
for visual clarity. A good agreement is evident across
most of the spectrum (deviation within ±1.3dB upto
12kHz), with the curves diverging mostly at high fre-
quencies. This is to be expected, as the excitation sig-
nal was designed to allow the responses to be con-
taminated with dispersion errors, which are mostly
prominent at high frequencies.

6. Concluding remarks

In this paper, the problem of directional receiver mod-
eling in FDTD was addressed by proposing a volu-
metric array. This volumetric array can be seen as a
realization of a spherical shell array [17] on a finite dif-
ference grid, in which all samples within a spherical
volume can be arbitrarily positioned, hence account-
ing for the spatial quantization inherent in FDTD.
This property also makes the method generalizable to
other grid based methods, such as the digital waveg-
uide mesh [28] and the discrete Huygens’ model [29].

Compared to traditional array designs, the vol-
umetric array generally employs many more spa-
tial samples, thus resulting in a considerably over-
determined problem and making it a numerically ro-
bust choice. This, however, may come at the expense
of a considerable memory demand. For example, the
largest volumetric array investigated in Sec. 4 includes
4169 samples, which for a 1 second impulse response
in a sample rate of 32kHz, would require 500MB of
RAM to store the array data alone. Nonetheless, the

total required number of samples can be reduced by
solving a numerical optimization problem [17], leading
to significant memory savings.

In this paper, the volumetric array was applied to
the problem of binaural impulse response modeling. In
free-field conditions, a ±1.3dB deviation from a refer-
ence HRTF was demonstrated. While it is assumed
that free-field results are largely generalizable to a
reflective environment, the effects of numerical dis-
persion were not investigated on the level of PWD
estimation errors. This is intended to be addressed by
the authors in future work. The volumetric array pro-
vides a means to describe a modeled soundfield in the
spherical harmonics domain, thus it can potentially
pave the way to modeling other types of directional
receivers by means of known spherical beamforming
techniques.
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