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Beamforming with Optimal Aliasing Cancellation in
Spherical Microphone Arrays

David Lou Alon, Member, IEEE, Boaz Rafaely, Senior Member, IEEE

Abstract—Spherical microphone arrays facilitate three-
dimensional processing and analysis of sound fields in applica-
tions such as music recording, beamforming and room acoustics.
The frequency bandwidth of operation is constrained by the array
configuration. At high frequencies, spatial aliasing leads to side-
lobes in the array beam pattern, which limits array performance.
Previous studies proposed increasing the number of microphones
or changing other characteristics of the array configuration to
reduce the effect of aliasing. In this paper we present a method to
design beamformers that overcome the effect of spatial aliasing
by suppressing the undesired side-lobes through signal processing
without physically modifying the configuration of the array.
This is achieved by modeling the expected aliasing pattern in
a maximum-directivity beamformer design, leading to a higher
directivity index at frequencies previously considered to be out
of the operating bandwidth, thereby extending the microphone
array frequency range of operation. Aliasing cancellation is then
extended to other beamformers. A simulation example with a 32-
element spherical microphone array illustrates the performance
of the proposed method. An experimental example validates the
theoretical results in practice.

Index Terms—Array processing, aliasing cancellation, beam-
forming, directivity, maximum-directiviy beamformer, optimal
beamformer, spherical microphone arrays, spherical harmonics,
spatial aliasing, white-noise gain.

I. INTRODUCTION

SPHERICAL microphone arrays, composed of micro-
phones arranged on the surface of a sphere, have been

studied extensively in the past decade. The spherical symmetry
facilitates steering of the directional beam pattern over the
entire directional space. This was found to be useful for
various applications such as music recording, beamforming
[2], [3], and sound field analysis [4], [5]. By decomposing the
sound field into spherical harmonics (SH) [6], [7], Rafaely [8]
presented a performance analysis that specifies the limitations
of the spherical microphone array operating bandwidth. At
low frequencies, a trade-off between array robustness and
spatial resolution leads to limitations in array performance [2],
[5]. As the frequency increases, the function representing the
sound field pressure around the sphere is of higher order. This
order may be higher than the maximum order of the array, as
determined by the number of microphones, leading to spatial
aliasing [7]. Spatial aliasing and the formation of undesired
side-lobes in the microphone array directional beam pattern are
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the dominant reasons for performance degradation at high fre-
quency [4]. Some methods previously presented that attempt
to reduce aliasing [9], [10] work well, but only for sound fields
with specific characteristics. Other methods that tend to reduce
the level of the side-lobes, also known as grating-lobes, were
previously presented. These include increasing the number
of microphones; limiting the allowable steering angle [11];
incorporating microphones with large membranes [2], or other
forms of directional microphones [12], [13], [14]; or using
irregular sampling [15]. The shortcoming of these methods is
that they involve physical changes to the microphone array.

A new method for designing a beamformer which eliminates
the negative effect of spatial aliasing is presented in this paper.
The new method is developed assuming a general sound field
and without requiring physical modification of the microphone
array. This method is based on an aliasing projection matrix
in the SH domain [12], [16], [17], which facilitates analysis
of the aliasing pattern, i.e. the way in which high SH orders
are aliased into lower orders. The aliasing projection matrix
is utilized to develop a new beamforming equation that in-
corporates information about spatial aliasing. Using the new
beamforming equation, a formulation of a new maximum-
directivity (MD) beamformer that minimizes the aliasing is de-
veloped, and is referred to as a maximum-directivity aliasing-
cancellation (MDAC) beamformer. The MDAC beamformer
design is followed by a design for maximum white noise
gain (WNG) and a least-squares (LS) based design, both with
aliasing cancellation.

The advantage and novelty of the proposed method is that
aliasing cancellation is achieved solely through array signal
processing, with respect to the given array sampling scheme,
and can therefore be applied to any existing spherical array.
The beamformer achieves high directivity at frequencies previ-
ously considered to be out of the microphone array operating
range and, therefore, increases the overall frequency range of
operation.

The proposed method is based on aliasing cancellation,
previously presented for spherical arrays [1] and for circular
arrays [18]. In this paper a more detailed formulation of the
novel aliasing-cancellation method is presented, including per-
formance and robustness analyses and a more comprehensive
simulation study. Moreover, the design of other beamformers
with aliasing cancellation, such as minimum-variance distor-
tionless response (MVDR), maximum WNG and LS based
design, is also presented. In addition, an experimental inves-
tigation using a real microphone array system is presented,
providing validation of the new method’s performance.

This paper is organized as follows. Section II reviews the
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theory of spherical microphone array processing. Section III
presents a matrix formulation that describes how high sound
field orders are aliased into the lower microphone array orders.
In sections IV and V the proposed method for designing
an aliasing-cancellation beamformers is developed. A detailed
simulation study and a validation experiment are then given
in sections VI, VII and VIII. Section IX concludes the paper.

II. SPHERICAL MICROPHONE ARRAY PROCESSING

The theory of spherical microphone array processing is
briefly revised in this section. The formulation provided in
this section will be used in the following sections to develop
the aliasing-cancellation beamformer.

A. Array Equation in the SH Domain

Consider the sound pressure due to a unit-amplitude incident
plane-wave, arriving from direction (θ0, φ0) with wave number
k. The pressure is measured at (r, θ, φ), which is the spatial
location of a microphone in the standard spherical coordinate
system[19]. Using SH, the pressure can be written as [6]

p0 (k, r, θ, φ) =

∞∑
n=0

n∑
m=−n

[Y mn (θ0, φ0)]
∗
bn (kr)Y mn (θ, φ),

(1)
where Y mn (θ, φ) is the SH function of order n and degree m
[19], and bn (kr) is the mode strength generalized for various
array configurations (such as an array configured around a
rigid sphere, which is assumed for this paper [20]). For the
more general case, where the sound field is composed of an
infinite number of plane-waves with plane-wave amplitude
density a (k, θ, φ), the pressure can be written as [8]

p (k, r, θ, φ) =
∞∑
n=0

n∑
m=−n

anm (k) bn (kr)Y mn (θ, φ), (2)

where anm (k) is the spherical Fourier transform of a (k, θ, φ).
Using the spherical Fourier transform of the measured pressure
p (k, r, θ, φ), the pressure coefficients pnm can be computed
from the expression

pnm (k, r) = anm (k) bn (kr) . (3)

At low frequencies, higher orders of mode strength bn (kr) are
extremely small and, therefore, can be neglected. For operating
frequencies that satisfy kr ≤ N the measured pressure can be
approximated as order limited, meaning pnm = 0 ∀n > N [8].
In this case the infinite summation in (2) can be replaced with
a finite summation over n up to order N ,

p (k, r, θ, φ) =
N∑
n=0

n∑
m=−n

anm (k) bn (kr)Y mn (θ, φ). (4)

The (N + 1)
2 pressure coefficients pnm can hence be calcu-

lated by approximating the spherical Fourier transform by a
finite summation over spatial samples on the sphere. Using
a spherical microphone array with microphones located at
(r, θj , φj), 1 ≤ j ≤M , the pressure is sampled at M spatial
positions. Dividing the approximated pressure coefficients

pnm by bn (kr) gives us an estimated value of the plane-
wave amplitude coefficients. This is referred to as plane-wave
decomposition [21],

ânm (k) =
M∑
j=1

αj (k)

bn (k, r)
[Y mn (θj , φj)]

∗
p (k, r, θj , φj) , (5)

where the weighting parameters αj (k) are introduced to
approximate the spherical Fourier integral with a summation
over the positions (r, θj , φj), and the values of αj (k) are de-
termined by the sampling scheme. Several sampling schemes
that offer a trade-off between the total number of sampling
points and the complexity of the scheme have been previously
presented [22], [23], [4]. The advantage of sampling schemes
such as the equal-angle, Gaussian and uniform is that αj (k)
can be calculated analytically [4]. When using other sampling
schemes, the weighting parameters αj (k) may need to be
calculated numerically. Defining a new set of coefficients, cjnm,
replacing αj (k) [Y mn (θj , φj)]

∗
/bn (k, r) in equation (5) ,we

get a new expression for the plane-wave decomposition:

ânm (k) =
M∑
j=1

cjnm (k) p (k, rj , θj , φj) . (6)

Using the plane-wave decomposition result in (6), which is
represented in the SH domain, the array output y (k) can now
be computed using beamforming formulated in the SH domain
as

y (k) =
N∑
n=0

n∑
m=−n

d∗nm (θl, φl) ânm (k) , (7)

where the beamformer coefficients dnm (θl, φl) control the
beam pattern, which has a desired look direction denoted
by (θl, φl). Different beam patterns can be designed us-
ing different sets of beamforming coefficients. Such beam-
forming coefficients may include the axis-symmetric modal
beamformer with dnm = dnY

m∗
n (θl, φl) [2]; the maximum

WNG beamformer with dnm = |bn (kr)|2 Y m∗n (θl, φl) [24];
or the MD beamformer, also referred to as the plane-wave
decomposition beamformer, with dnm = 4π

(N+1)2
Y m∗n (θl, φl)

[25]. These beamformers work well at frequencies that satisfy
kr ≤ N , where the small contribution of higher sound field
orders can be neglected. However, at higher frequencies the
energy of higher orders increases and the performance of these
beamformers deteriorates due to spatial aliasing. Improving the
performance of beamformers at high frequencies is the main
goal of this paper.

The beamforming equation (7) in the SH domain can also
be written in the more standard spatial domain as a weighted
sum of the pressure, which is spatially sampled by the array
and is given by [26]

y (k) =
M∑
j=1

w∗j (k) p (k, rj , θj , φj) , (8)

where the weights w∗j (k) operate as a spatial
filter or beamformer. This defines the array
equation in the space domain. Using the relation
w∗j (k) =

∑N
n=0

∑n
m=−n d

∗
nm (θl, φl) c

j
nm (k), beamformers
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designed in the SH domain can be easily applied in the
space domain. A comparison between space domain and SH
domain processing is presented in the following sections.

In order to compute the coefficients cjnm (k) and the weights
w∗j (k), a matrix formulation of the measurement model that
facilitates the numerical computation of these coefficients is
presented in the next subsection.

B. Matrix Formulation

In order to facilitate the numerical computation of the
coefficients cjnm that were presented in (6), the measurement
model in (4) is now represented in a matrix formulation:

p = Banm, (9)

where anm =
[
a00 (k) , a1(−1) (k) , . . . , aNN (k)

]T
is the

plane-wave amplitude coefficients column vector of length
(N + 1)2, p = [p (k, r, θ1, φ1) , . . . , p (k, r, θM , φM )]

T is a
column vector of length M holding the pressures sampled by
the array microphones and M × (N + 1)2 matrix B is defined
in (10), with (Ωj) = (θj , φj).

As shown by Rafaely [27] and presented in (6), anm can be
estimated as

ânm = Cp, (11)

where ânm denotes the plane-wave amplitude coefficients
estimated from array measurements, and matrix C of size
(N + 1)2 ×M contains the coefficients cjnm from (6). For
the case of over-sampling, previous analysis [27] assumed
M > (N + 1)2 for computing the (N + 1)

2 coefficients ânm

in (11) in a LS sense. In this case, matrix C is given by
B† = (BHB)−1BH , the Moore-Penrose pseudoinverse [28]
of matrix B, such that CB = I and, by substituting (9) in
(11), an accurate estimation is obtained, i.e. ânm = anm. For
the case where M = (N + 1)

2 and assuming that the square
matrix B is invertible, C = B−1 leads similarly to an accurate
estimation, ânm = anm. Using matrix C with M ≥ (N +1)2

and the result of the plane-wave decomposition in (11), the
array equation in (7) can be rewritten in a matrix formulation
as:

y (k) = dHnmânm, (12)

where dnm =
[
d00, d1(−1), d10, . . . , dNN

]T
is an (N + 1)2

column vector that holds the beamforming coefficients dnm.
The beamforming coefficients are defined such that the beam
pattern is not restricted to be rotationally axis-symmetric.
Alternatively, as shown in equation (8), the array equation can
be represented in the space domain as a weighted sum of array
input signals

y (k) = wHp, (13)

where p is the pressure sampled by array microphones, defined
as in (9), and the M × 1 weights in w may hold the beam-
former coefficients dnm and the plane-wave decomposition
matrix C by substituting (11) in (12), as in [27]:

wH = dHnmC. (14)

C. MD Beamformer

Using the array equation in (12), the beam pattern of
the array can be calculated assuming that an accurate es-
timation of anm is obtained and that the sound field is
composed of a single unit-amplitude plane-wave arriving
from direction (θ0, φ0) [6]. In this case, the pressures sam-
pled by the array microphones, referred to as the steer-
ing vector of the array, are given by p = BY∗0 , where
Y∗0 =

[
Y 0

0 (θ0, φ0) , . . . , Y NN (θ0, φ0)
]H

and the estimation of
the plane-wave amplitude coefficients vector ânm in array
equation (12) is replaced by ânm = anm = Y∗0 . The array
beam pattern denoted by A (k, θ0, φ0) is then given by

A (k, θ0, φ0) = dHnmY∗0 . (15)

The beamformer coefficients dnm, which control the array
beam pattern, can be calculated to maximize the array directiv-
ity factor (DF). The DF is a common measure for array beam
pattern assessment and is usually interpreted as the array gain
in the presence of isotropic noise. The DF can be written as
[26]

DF =
|A (k, θl, φl)|2

1
4π

∫ 2π

0

∫ π
0
|A (k, θ0, φ0)|2 sin θ0dθ0dφ0

, (16)

where the numerator represents the array response for the case
where the incident plane-wave arrival direction equals to the
array look direction (θl, φl). Using (15) with Y∗0 = Y∗l , the
expression for the numerator is given by

|A (k, θl, φl)|2 = dHnmY∗l Y
T
l dnm. (17)

The denominator represents the array response to plane-waves
arriving from all directions with unit-amplitude. By using
the SH orthogonality property [19], and equation (15), the
denominator can be written as

1

4π

∫ 2π

0

∫ π

0

|A (k, θ0, φ0)|2 sin θ0dθ0dφ0 =
1

4π
dHnmdnm.

(18)

Substituting equations (17) and (18) into (16) we get

DF =
dHnmY∗l Y

T
l dnm

1
4πdHnmdnm

. (19)

The coefficients vector dMD
nm which maximizes the DF, referred

to as MD coefficients, are given by d∗nm = Y mn (θl, φl) [24]
and, thus,

dMD
nm = arg max

dnm

DF = Y∗l , (20)

where Y∗l =
[
Y 0

0 (θl, φl) , . . . , Y
N
N (θl, φl)

]H
. Substituting

dMD
nm into (15), the expression for the beam pattern of the

MD beamformer is given by

AMD (k, θ0, φ0) = YT
l Y∗0 . (21)

The DF of the array in that case is DF = (N + 1)2, and the
directivity index (DI), defined as DI = 10 log10(DF ), is given
by DI = 20 log10(N + 1).
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B =


b0 (kr1)Y 0

0 (Ω1) b1 (kr1)Y −1
1 (Ω1) · · · bN (kr1)Y N

N (Ω1)

b0 (kr2)Y 0
0 (Ω2) b1 (kr2)Y −1

1 (Ω2) · · · bN (kr2)Y N
N (Ω2)

...
...

. . .
...

b0 (krM )Y 0
0 (ΩM ) b1 (krM )Y −1

1 (ΩM ) · · · bN (krM )Y N
N (ΩM )

 (10)

III. ARRAY EQUATION WITH ALIASING MODEL

In the previous section the measured sound field was as-
sumed to be order limited at frequencies that satisfy kr ≤ N
and, therefore, spatial aliasing was neglected. In this paper
we aim to extend the operating bandwidth to include higher
frequencies. The measurement model is therefore modified to
support a more general case where the maximal operating
frequency kr is not limited by the array order N , but by
order Ñ ≥ N , which represents the actual sound field
order. In other words, for operating frequencies that satisfy
kr ∈ (0, Ñ ] it is assumed that the order of the plane-wave
amplitude coefficients anm is merely limited by Ñ and that
anm = 0 ∀n > Ñ ; spatial aliasing is no longer neglected.
The microphone array properties that were described in the
previous section are assumed in the following sections; thus,
an M microphone array of order N satisfying (N + 1)

2 ≤M
is assumed. Equation (9) is adapted to support the new spatial-
aliasing model:

p̃ = B̃ãnm, (22)

where ãnm = [a00 (k) , . . . , aNN (k) , . . . , aÑÑ (k)]
T is the

plane-wave amplitude coefficients column vector of length
(Ñ+1)2, with the tilde (˜) sign denoting the higher SH order
Ñ . p̃ is a column vector of length M holding the pressure
sampled by the array microphones, as in (9). The M×(Ñ+1)2

matrix B̃ is defined in a similar manner to matrix B in (10),
only it has a larger number of columns in accordance with the
higher orders in ãnm.

ânm can be calculated from the pressure sampled by the
array microphones by replacing p with p̃ in (11). Thus, using
the expression for p̃ in (22) and multiplying matrix C with
p̃, a new formulation for ânm is developed:

ânm = Cp̃ = CB̃ãnm = Dãnm. (23)

Since the array is designed for order N , matrix C is computed
in the same manner as in (11) using the pseudoinverse of
matrix B, and does not include matrix B̃ in the computation.
Matrix D, of size (N + 1)2 × (Ñ + 1)2, referred to as
the aliasing projection matrix, holds the information about
the spatial-aliasing pattern [12], [16]. In addition, matrix
D is frequency dependent and affected only by the array
configuration, e.g. microphone positions. In order to describe
the structure of matrix D, we separate matrix B̃ into two
smaller matrices B̃ =

[
B B∆

]
, which leads to

D = CB̃ = B†
[

B B∆

]
=
[

I ∆ε

]
, N < Ñ, (24)

where the first (N + 1)2 columns of matrix B̃ are defined
as B in (10) and B∆ is introduced to incorporate the con-
tribution from higher sound field orders in ãnm. The spatial
aliasing can be presented explicitly by separating vector ãnm

into two shorter vectors ãnm =
[

aTnm aT∆
]T

, where anm

represents the plane-wave amplitude coefficients up to order
N (which we typically wish to estimate from array measure-
ments) and a∆ represents plane-wave amplitude coefficients
of orders higher than the array order N . By substituting (24)
in (23) we get a new expression for the plane-wave amplitude
coefficients estimation with spatial aliasing:

ânm = Dãnm =
[

I ∆ε

] [ anm

a∆

]
= anm + ∆εa∆, N < Ñ.

(25)

Each element in vector ânm results from summing the equiv-
alent element in vector anm with a weighted sum of elements
in vector a∆. The contribution from elements in vector a∆

leads to an error in the estimation of anm by ânm. This error
is referred to as the spatial-aliasing error and it represents the
contribution of higher SH orders in the sound field, which are
aliased into the lower array orders. The aliasing error elements
∆ε on the right hand part of matrix D are structured to form
the same aliasing pattern described by Rafaely et al. in [12].

In the case where the operating frequency is limited by the
array order, i.e. kr ≤ N , no significant aliasing is present and
it can be assumed that Ñ = N and that the aliasing projection
matrix D is reduced to an (N + 1)2 × (N + 1)2 square unit
matrix:

D = CB̃ = B†B = I, Ñ = N. (26)

With no aliasing error, the estimation obtained by substituting
(26) in (23) is exact and

ânm = ãnm = anm, Ñ = N. (27)

However, for operating frequencies N < kr ≤ Ñ , which
are higher than the array order N , the sound field is composed
from SH orders up to Ñ ; the orthogonality property is not
satisfied as in (26) and aliasing error, which may no longer be
negligible, is added to the estimated value of the plane-wave
amplitude coefficients, as described in (25).

IV. MAXIMUM-DIRECTIVITY BEAMFORMER WITH
OPTIMAL ALIASING CANCELLATION

In the previous sections, the array equation was represented
in the SH domain (12) or in the space domain (13). Assuming
that aliasing can be neglected, the MD beamformer was devel-
oped in the SH domain, as in (21); it was previously shown
that an equivalent solution is obtained in the space domain
[24]. In this section, a new array equation is formulated by
incorporating the aliasing model developed in (22) and (23).
Using the new array equations facilitates the development of a
new version of MD beamformers, in the SH and in the space
domains, that eliminate the negative effect of spatial aliasing.
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A. SH Domain Formulation

The new array equation in the SH domain is obtained by
substituting (23) in (12):

y (k) = dHnmCB̃ãnm = dHnmDãnm. (28)

Using the new array equation, a new formulation of a MD
beamformer can be developed. A sound field composed of
a single unit-amplitude plane-wave arriving from direction
(θ0, φ0) with high SH orders up to Ñ is assumed. In
order to calculate the array beam pattern, the plane-wave
amplitude coefficients vector ãnm in (28) is replaced by

ãnm = Ỹ∗0 =
[
Y 0

0 (θ0, φ0) , . . . , Y Ñ
Ñ

(θ0, φ0)
]H

and the new
expression for the array beam pattern then becomes

A (k, θ0, φ0) = dHnmDỸ∗0 . (29)

This leads to a new expression for the standard MD beam
pattern; by substituting dMD

nm into (29) the expression for the
beam pattern of the MD beamformer is given by

AMD (k, θ0, φ0) = YT
l DỸ∗0 . (30)

This expression of the MD beam pattern includes the effect
of spatial aliasing, represented by matrix D, unlike the stan-
dard MD beam pattern in (21) that was developed assuming
aliasing-free conditions.

In order to develop a new version of the MD beam-
former with aliasing-cancellation capabilities, the DF in (16)
is evaluated again, including the new spatial-aliasing model.
Using equation (29), with Ỹ∗0 = Ỹ∗l indicating the directions
equality (θ0, φ0) = (θl, φl), we get the expression for the DF
numerator:

|A (k, θl, φl)|2 = dHnmDỸ∗l Ỹ
T
l DHdnm. (31)

Using the fact that the projection matrix D is independent
of the sound field direction of arrival, as well as using the
orthogonality property, as in (18), and the array equation in
(29), the denominator in (16) can be reformulated as:

1

4π

∫ 2π

0

∫ π

0

|A (k, θ0, φ0)|2 sin θ0dθ0dφ0

=
1

4π
dHnmD

∫ 2π

0

∫ π

0

Ỹ∗0ỸT
0 sin θ0dθ0dφ0D

Hdnm

=
1

4π
dHnmDDHdnm.

(32)

Substituting (31) and (32) into (16) we get

DF =
dHnmDỸ∗l Ỹ

T
l DHdnm

1
4πdHnmDDHdnm

. (33)

Next, we wish to find the coefficients vector dnm which
maximizes the DF. We therefore bring (33) into a generalized
Rayleigh quotient form [24]. We define (N + 1)

2× (N + 1)
2

matrices G and H as the products of the numerator and the
dominator matrices, respectively:

G = DỸ∗l Ỹ
T
l DH (34)

H = DDH . (35)

Substituting (34) and (35) into (33), the generalized Rayleigh
quotient form of the DF is obtained:

DF = 4π
dHnmGdnm

dHnmHdnm
, (36)

where matrix G = ggH is composed from the (N + 1)
2 × 1

vector g = DỸ∗l . As previously presented [24], the maximum
value of the DF for the generalized Rayleigh quotient is given
by

DFmax = 4πgHH−1g = 4πỸT
l DH

(
DDH

)−1
DỸ∗l (37)

and the MDAC beamforming coefficients vector dnm which
achieves MD with optimal aliasing-cancellation is given by

dMDAC
nm = arg max

dnm

DF = H−1g =
(
DDH

)−1
DỸ∗l . (38)

By substituting the optimal coefficient vector dMDAC
nm in (29),

the expression for the array beam pattern with look direction
(θl, φl) and due to a single unit-amplitude plane-wave arriving
from direction (θ0, φ0) is given by

AMDAC (k, θ0, φ0) = ỸT
l DH

(
DDH

)−1
DỸ∗0 . (39)

This expression for the beam pattern of the new MDAC
beamformer can be described as a generalized version for the
beam pattern of the standard MD beamformer in (30), which
has been adjusted to handle high sound field orders Ñ .

B. Space Domain Formulation

Both the MD beamformer in (30) and the new MDAC
beamformer in (39) were formulated in the SH domain.
Assuming aliasing-free conditions, it can be shown that the
same MD beamformer will be obtained in the space domain
as well [24]. The reason for this is that in the aliasing-free
case the sound field order is assumed to be limited by array
order N and increasing the number of microphones M without
increasing N will not change the maximum achievable DI,
which is (N + 1)

2.
Using the new array equation with the aliasing model,

the sound field order Ñ is no longer assumed to be limited
by the array order N and, hence, increasing the number of
microphones may increase the degrees of freedom offered by
the array in the space domain, leading to a higher DI. In
this subsection a new version of the MDAC beamformer is
developed in the space domain. A space domain array equation
which embodies the new spatial-aliasing model is formulated
by substituting (22) in (13):

y (k) = wH p̃ = wHB̃ãnm. (40)

Assuming that the sound field is composed of a single unit-
amplitude plane-wave, ãnm = Ỹ∗0 , the expression for
the measured pressure represents the array steering vector,
p̃ = B̃Ỹ∗0 [26], and the array beam pattern is given by

A (k, θ0, φ0) = wHB̃Ỹ∗0 . (41)

Unlike the new SH domain MDAC beamformer which was
formulated by optimizing coefficient vector dnm, in this
subsection a new MDAC beamformer is derived in the space
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domain, i.e. the beamforming weights w are optimized with
respect to the pressure sampled by array microphones p̃. Using
the new beam pattern in (41), the expression for the DF in the
space domain becomes

DF =
wHB̃Ỹ∗l Ỹ

T
l B̃Hw

1
4πwHB̃B̃Hw

. (42)

Equation (42) is developed following the same steps as out-
lined for (31) to (33), replacing D with B̃ and using the space
domain beamforming weights w instead of dnm. The space
domain version of the MD with optimal aliasing-cancellation
(SMDAC) beamformer is formulated by maximizing the ex-
pression for the DF in the space domain, leading to the new
SMDAC beamforming solution

wSMDAC = arg max
w

DF =
(
B̃B̃H

)−1

B̃Ỹ∗l . (43)

Using the new beamforming weights wSMDAC, the expression
for the SMDAC beam pattern with look direction (θl, φl) in
(41) is reformulated to give

ASMDAC (k, θ0, φ0) = ỸT
l B̃H

(
B̃B̃H

)−1

B̃Ỹ∗0 . (44)

Matrix D of size (N + 1)2 × (Ñ + 1)2 in the expression
for the MDAC in (39) is replaced with the M × (Ñ + 1)2

matrix B̃ in the SMDAC beam pattern. In the case of an
array with spatial over-sampling, M > (N + 1)

2, the SMDAC
beamformer will, therefore, offer more degrees of freedom and
might improve the overall array directivity. For the special
case where M = (N + 1)

2, using the expression for matrix C
(which is a square matrix in this case) and matrix D, it can
be shown that both beam patterns are identical:

ASMDAC (k, θ0, φ0) = ỸT
l B̃H

(
B̃B̃H

)−1

B̃Ỹ∗0

= ỸT
l B̃HCH

(
CH

)−1
(
B̃B̃H

)−1

C−1CB̃Ỹ∗0

= ỸT
l DH

(
CB̃B̃HCH

)−1

DỸ∗0 =ỸT
l DH

(
DDH

)−1
DỸ∗0

= AMDAC (k, θ0, φ0) , M = (N + 1)
2
.

(45)

V. OTHER BEAMFORMING METHODS WITH ALIASING
CANCELLATION

The formulation of beamforming methods with aliasing
cancellation is extended in this section to beamformers that
achieve maximum WNG, to an MVDR design, and to a LS
design.

A. Maximum WNG with Aliasing Cancellation

The WNG is a common measure for array robustness and
it represents the improvement in signal to noise ratio (SNR)
at the array output compared to at the array input, where the
microphone noise at the array input is assumed to be zero
mean and uncorrelated across the microphones. Moreover, as-
suming that the beamformer includes a distortionless response
constraint, such that |A (k, θl, φl)| = 1, and assuming the array

look direction is the same as the wave arrival direction, the
WNG can be written as [26], [27]

WNG =
1

wHw
, (46)

where w are the beamforming weights defined in (14). For
the case of spatial-aliasing error, the distortionless response
constraint is not necessarily satisfied and the WNG is therefore
given by [26]

WNG =
|A (k, θl, φl)|2

wHw
, (47)

where A (k, θl, φl) is the array beam pattern that was pre-
viously presented in (31). These expressions for WNG were
developed assuming an open-sphere array configuration [4].
For a rigid-sphere configuration, which is considered through-
out this paper, equations (46) and (47) will be used as an
approximation of the WNG, which might, nevertheless, be
lower by up to 3dB at high frequencies [4].

The problem of finding beamforming coefficients vector that
maximize the WNG is similar to the problems concerning MD
defined in three different versions in equations (20),(38) and
(43). Three versions of the max WNG (MG) beamformers are
therefore suggested next. By substituting equation (12) into
(47), we derive an expression of the WNG with beamformer
coefficients vector:

WNG =
dnm

HY∗l Y
T
l dnm

dnm
HCCHdnm

, (48)

which leads to the standard SH domain MG beamforming
coefficients vector [29]:

dMG
nm = arg max

dnm

WNG =
(
CCH

)−1
Y∗l . (49)

In the special case where the array microphones are arranged
in a nearly uniform scheme, the expression of the MG is given
by [29]

dMG
nm =

4π

M
diag (b)

2
Y∗l , (50)

where b = [|b0 (kr)| , . . . , |bN (kr)|]T . Substituting equa-
tions (31) and (14) into (47), leads to an expression for WNG
with an aliasing model:

WNG =
dnm

HDỸ∗l Ỹ
T
l DHdnm

dnm
HCCHdnm

. (51)

Following the same steps in equations (33) to (37), the
max WNG with aliasing cancellation (MGAC) beamforming
coefficients vector is derived in the SH domain:

dMGAC
nm = arg max

dnm

WNG =
(
CCH

)−1
DỸ∗l . (52)

Using the relation CCH =
(
BHB

)−1
, the expression for the

MGAC beamforming coefficients vector can be written in a
compact form:

dMGAC
nm = BHBDỸ∗l , (53)

with the corresponding maximal value of WNG given by

WNGmax = ỸT
l DH

(
CCH

)−1
DỸ∗l . (54)
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The MGAC beam pattern can now be written as

AMGAC (k, θ0, φ0) = ỸT
l DHBHBDỸ∗0 . (55)

The third version of the MG beeamformer is developed in
the space domain. By substituting equation (41) into (47) the
WNG can be written as:

WNG =
wHB̃Ỹ∗l Ỹ

T
l B̃Hw

wHw
, (56)

which leads to the space domain MGAC (SMGAC) beam-
forming coefficients vector:

wSMGAC = arg max
w

WNG = B̃Ỹ∗l . (57)

Thus, the SMGAC beamformer is simply the array steering
vector. Moreover, this formulation implies that in the case
where processing is preformed in the space domain, AC may
be obtained without explicitly requiring the aliasing projection
matrix D.

B. MVDR Beamforming with Aliasing Cancellation

The MD beamformer is calculated assuming a plane-wave
signal, which arrives from the beamformer look direction,
and a noise sound field, which is diffuse or isotropic, i.e.
contains plane-waves from all directions. The MG beamformer
is calculated in a similar way with a different assumption
regarding the noise, which, in this case, is assumed to be
zero mean and uncorrelated across microphones. The MVDR
beamformer formulation is a more general approach which
enables designing a beamformer that minimizes the variance
of the noise for a given spatial cross-spectrum matrix. A
special case of the MVDR, which is equivalent to a normalized
version of the MD beamformer [30], [29], is obtained by
assuming that the noise is generated by a diffuse sound field.
The performance of such a MVDR beamformer was previously
investigated for both the space domain [26], [24], [31] and
the SH domain [30], [29]. However, the performance analysis
previously presented was limited to aliasing-free frequencies
to avoid spatial aliasing. For the special case of noise generated
by a diffuse sound field and using the new MDAC and
SMDAC beamformers, an MVDR with aliasing cancellation
can be obtained for the SH domain, as well as for the space
domain. The general expression for the MVDR beam pattern
is given by

AMVDR (k, θ0, φ0) = wH
MVDRv0, (58)

where v0 is the steering vector of the array and the beam-
forming weights wMVDR are given by

wH
MVDR =

vHl S−1
nn

vHl S−1
nnvl

, (59)

with the steering vector vl and the cross-spectrum matrix de-
noted by Snn. Assuming that the noise is generated by a unit-
amplitude diffuse sound field, i.e. the plane-wave amplitude
density a (k, θ, φ) has a unit magnitude and a random phase
in all directions, the MVDR with an aliasing-cancellation
beamformer (MVDR-AC) is obtained in the space domain
by setting the steering vector vl to be vSpace

l = B̃Ỹ∗l and
by setting the cross-spectrum matrix to be SSpace

nn = B̃B̃H .

The SH solution is obtained in a similar manner by setting
the steering vector to be vSH

l = ânm = DỸ∗l and the cross-
spectrum matrix to be SSH

nn = DDH . Using these expressions
in (58), with the steering vector v0 defined as vl but with a
different direction Ỹ∗0, the MVDR-AC beam pattern is given
for the space domain as

ASpace
MVDR-AC (k, θ0, φ0) =

ASMDAC (k, θ0, φ0)

ỸT
l B̃H

(
B̃B̃H

)−1

B̃Ỹ∗l

, (60)

and for the SH domain as

ASH
MVDR-AC (k, θ0, φ0) =

AMDAC (k, θ0, φ0)

ỸT
l DH(DDH)

−1
DỸ∗l

, (61)

i.e. the space and SH domain MVDR-AC beam patterns for a
diffuse noise field are identical to the SMDAC and MDAC
beam patterns, except for a scalar multiplier which does
not affect the array directivity. As previously presented [31],
space domain MVDR beamforming using spherical micro-
phone arrays with over-sampling has the potential advantage
of obtaining a higher DI compared to the standard MD beam-
former, similar to the advantage mentioned for the SMDAC
beamformer.

In a similar way, it can be shown that when the microphone
noise at the array input is assumed to be zero mean and
uncorrelated across the microphones, this leads to an MVDR
which is equivalent to a normalized version of the MGAC and
SMGAC beamformers previously presented.

The design of an MVDR with an aliasing-cancellation
beamformer for noise with a more general cross-spectrum
matrix is out of the scope of this paper and is suggested for
future work.

C. Beam Pattern Matching with Aliasing Cancellation

In the previous sections, aliasing cancellation was integrated
into beamformers that achieve MD and MG. In order to study
aliasing cancellation for more general beamformers, aliasing
cancellation is developed next for beamformers that aim to
match a given desired beam pattern. Assuming a desired
aliasing-free array beam pattern Ades. (k, θ0, φ0) is given with
a corresponding set of (Ñ + 1)2 beamforming coefficients,
d̃des. = [d00, · · · , dÑÑ ]

T , then equation (29) can be reformu-
lated as

Ades. (k, θ0, φ0) = d̃Hdes.Ỹ
∗
0 . (62)

Using the expression for the array beam pattern with beam-
forming coefficients d̃des. in equation (29), the squared error
between the desired and another arbitrary array beam pattern
can be calculated, assuming plane-waves arriving from the
entire directional space with equal unit amplitude:

ε
(
dnm, d̃des.

)
=

=

∫ 2π

0

∫ π

0

|Ades. (k, θ0, φ0)−A (k, θ0, φ0)|2 sin θ0dθ0dφ0

=

∫ 2π

0

∫ π

0

∣∣∣(d̃Hdes. − dHnmD
)

Ỹ∗0

∣∣∣2 sin θ0dθ0dφ0

=
∥∥∥d̃des. −DHdnm

∥∥∥2

, (63)
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where the SH orthogonality property [19],∫ 2π

0

∫ π
0

Ỹ∗0ỸT
0 sin θ0dθ0dφ0 = I, was used in the last

step of the derivation. The squared error ε
(
dnm, d̃des.

)
is

composed of two parts, which can be expressed explicitly by
separating the desired beamforming coefficients vector d̃des.

and by substituting equation (24) into (63) in the following
way:

ε
(
dnm, d̃des.

)
=
∥∥∥d̃des. −DHdnm

∥∥∥2

=

∥∥∥∥[ d̃Ndes.

d̃∆
des.

]
−
[

I
∆H
ε

]
dnm

∥∥∥∥2

=
∥∥∥d̃Ndes. − dnm

∥∥∥2

+
∥∥∥d̃∆

des. −∆H
ε dnm

∥∥∥2

. (64)

Thus, in addition to the error due the difference between d̃Ndes.

and dnm, as the frequency rises, the increase in the magnitude
of the elements in matrix ∆ε due to spatial aliasing may
lead to an increase in the overall squared error. A coefficients
vector which will minimize the squared error should, therefore,
decrease these two parts of the error simultaneously.
The squared error, ε

(
d̃des.,dnm

)
, is a positive definite

quadratic function, so that it has a single minimum value which
can be found by differentiating the squared error with respect
to the beamforming coefficients dHnm and equating the result
to zero:

∂ε

∂dHnm

= DDHdnm −Dd̃des.. (65)

The desired LS beamforming coefficients, ddes.
LS , which mini-

mize the squared error, are therefore given by

ddes.
LS =

(
DDH

)−1
Dd̃des.. (66)

Substituting the new solution in equation (29), the expression
for the new desired array beam pattern with aliasing cancel-
lation is given by

Ades.
LS (k, θ0, φ0) = d̃Hdes.D

H
(
DDH

)−1
DỸ∗0 . (67)

It is important to note that even though any desired array
beam pattern can be used in equation (67), the actual LS beam
pattern Ades.

LS (k, θ0, φ0) might not match the desired one.
In the next sections, the new aliasing-cancellation beam-

formers are evaluated through a simulation study and an
experimental investigation.

VI. SIMULATION STUDY I - MDAC

A simulation study is presented to demonstrate the improved
performance achieved by using the new MDAC beamformer. A
microphone array of order N = 4 with M = 32 microphones
is considered, where the microphones are mounted on a rigid
sphere with a radius of r = 4.2 cm in accordance with the
em32 Eigenmike mnicrophone array [32].

In order to satisfy aliasing-free conditions with the em32
array, the operating frequency range needs to be limited by
kr ≤ N or fmax = 5.16 kHz. However, it is worthwhile
to note that the em32 array is configured with over-sampling,
M > (N + 1)

2, the microphones are closer to each other, rela-
tive to a tight-sampling configuration with M = N + 12 = 25
microphones, and the actual frequency at which spatial aliasing
becomes noticeable may be higher. One way to compute the
actual aliasing frequency is by using the over-sampling factor
of 32/25 in the calculation of an effective array order N .
This result can be used to roughly approximate a higher
maximal aliasing-free frequency fmax = 6 kHz. Nevertheless,
the aliasing-free limit throughout the rest of the paper will be
the more strict limit fmax = 5.16 kHz.

The sound field simulated in the following sections is
assumed to be of higher order than the array order Ñ = 20.
In accordance, the same high order Ñ = 20 is used to design
the evaluated aliasing cancellation beamformers such as the
MDAC.

The performance of the new MDAC beamformer is analyzed
and compared to the standard MD beamformer in sections
VI-A to VI-C.

A. Beam Pattern Comparison

The beam patterns of the MD and MDAC beam-
formers with an arbitrary look direction steered towards
(θl, φl) = (90◦, 80◦) are compared over two different frequen-
cies, f1 = 4.64 kHz and f2 = 10.4 kHz, which correspond
to k1r = 3.6 and k2r = 8.1, respectively. The sound field
is assumed to be composed of a single unit-amplitude plane-
wave of order Ñ = 20 arriving from different directions along
the longitude. Fig. 1(a) shows the beam pattern of the MD
beamformer, AMD (k, 90◦, φ0), obtained using equation (30)
at the two analyzed frequencies. At the lower frequency,
k1r = 3.6, a standard fourth order MD beam pattern is
achieved with relatively low side lobes. However, at the higher
frequency, k2r = 8.1, the beam pattern is negatively affected
with a wider and distorted shaped main lobe and larger side-
lobes. The performance degradation observed at k2r compared
with k1r can be explained by the fact that in order to satisfy
aliasing-free conditions, the operating frequency range needs
to be limited by fmax = 5.16 kHz. At the lower analyzed
frequency, k1r < N , the array output can be considered
aliasing-free, while at the higher frequency, k2r > N , it cannot
and significant energy from sound field orders higher than N
is aliased into the array response, causing aliasing error (as
described in section III) with respect to (25).

Fig. 1(b) shows a comparison between the beam patterns of
the MD and the MDAC beamformers at k2r = 8.1. In contrast
to the poor performance of the MD beamformer at k2r = 8.1,
the side-lobes level of the MDAC beamformer is significantly
lower at the same frequency. Moreover, the main lobe of the
MDAC beamformer is much narrower compared with the MD
beamformer. This result illustrates the advantage of the new
optimal MDAC beamformer, compared with the standard MD
beamformer, at high frequencies. A more quantitative compar-
ison between the MD and MDAC beamformers is obtained by
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calculating their DIs. Two factors that are significant for the
DI are the width of the main lobe and the side-lobes level. The
MDAC beamformer achieves better DI due to a narrower main
lobe and lower side-lobes, where at k2r the DI is improved
from DI = 8.5 dB with the MD beamformer to DI = 14.4 dB
with the new MDAC beamformer. It is important to note that
even though the MDAC beamformer at k2r has larger side-
lobes compared with the MD beamformer at k1r, the main
lobe of the MDAC beamformer is narrower at k2r, resulting
a similar DI. In addition, the array response at k1r is almost
aliasing free and, therefore, no significant difference between
the MD and MDAC beamformers is expected, as opposed
to the case of the higher analyzed frequency, k2r, at which
the presence of higher sound field orders creates potential for
demonstrating the improvement of the MDAC.
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Fig. 1. Beam pattern of a fourth order array with look direc-
tion (θl, φl) = (90◦, 80◦) (a) comparison between operating frequencies
k1r = 3.6 (f = 4.64 kHz) and k2r = 8.1 (f = 10.4 kHz) with MD
beamformer, and (b) comparison between MD and MDAC beamformers at
k2r = 8.1 (f = 10.4 kHz)

A comparison of the beam patterns and the DIs of the
MD and MDAC beamformers is further studied over a wide
operating frequency range. Fig. 2 shows the DI of the MD and
MDAC beamformers over a wide frequency range. Calculating
the DI provides a measure to assess the performance improve-
ment of the MDAC relative to the MD beamformer. Fig. 3
shows the normalized beam patterns of the corresponding
beamformers in a surface plot. The horizontal axis represents
the frequency and the vertical axis represents the plane-
wave directions of arrival. These figures illustrate that at
low frequencies the beam patterns of the two beamformers
are practically identical. This is a result of the negligible
contribution of high sound field orders at low frequencies, at
which matrix ∆ε degenerates to zero and matrix D reduces
to D =

[
I 0

]
. Substituting D =

[
I 0

]
in (39) and

comparing with (21) or (30) shows that the beam pattern of
the MD and MDAC beamformers are identical in that case.
Furthermore, Fig. 2 and Fig. 3 show that at high frequency,
as the aliasing error elements in matrix ∆ε become more
significant, the MD beamformer is characterized by a greater
aliasing error and poor directivity. On the other hand, the
overall directivity of the MDAC beamformer does not diminish
as the frequency increases. This result confirms that the
improvement holds for a broad operating frequency range.

B. DI for All Steering Directions

In the previous subsections a design example that illustrated
the improvement achieved by using the optimal MDAC beam-
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Fig. 2. Array DI: comparison between the MD and MDAC beamformers with
a fourth order array.
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Fig. 3. Beam pattern over a wide operating frequency range for a fourth order
array with (a) MD beamformer (b) MDAC beamformer.

former was presented for a single look direction. However,
some applications, such as sound field analysis, require steer-
ing the beam pattern over the entire directional space. The per-
formance of the MDAC beamformer is therefore investigated
for different array look directions in this subsection, using the
spherical array processing method described in section IV.

The DI is computed for a single unit-amplitude plane-wave
with the same direction of arrival as the array look direction
and is, therefore, generally dependent on the array look
direction (θl, φl). Within the aliasing-free operating range, the
directivity of the MD beamformer was found to be constant
at DI = 20 log (N + 1), regardless of the array look direction
or frequency [25]. The MDAC beamformer is practically
identical to the MD beamformer at those frequencies and the
directivity of the MDAC beamformer is, therefore, frequency
and direction independent as well. However, at higher fre-
quencies the aliasing error might lead to the MDAC not being
necessarily frequency or directionally independent.

In section VI-A it was shown that, for this design example,
the DI of the MDAC remains high over a broad operating
frequency range. To further investigate the performance of the
MDAC beamformer the DI is calculated for different array
look directions at high frequency corresponding to k2r, where
significant aliasing is expected. Fig. 4 shows a comparison
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between the DI of the MDAC beamformer and the DI of
the MD beamformer. The DI is presented in the figure as a
function of the array look direction, assuming the plane-wave
arrives from the same direction, where light colors indicate
a high DI and dark colors indicate a low DI. As shown in
Fig. 4, at high frequencies such as k2r, the MDAC beamformer
achieves a better DI than the MD beamformer at all directions.
Furthermore, the high DI achieved by the MDAC is preserved
over the entire directional space with a high DI ranging from
9.56 dB to 14.88 dB, compared to the low DI achieved by the
MD beamformer, with values between 6.2 dB and 10.5 dB.
That is to say, even though the DI of the MDAC is not
necessarily frequency or directionally independent, for this
design example, high DIs of the MDAC were obtained over a
broad operating frequency range and over the entire directional
space.
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Fig. 4. Array DI [dB] for different look directions at k2r = 8.1 and with
(a) MDAC beamformer (b) MD beamformer

C. WNG Comparision

The MDAC beamformer coefficients vector dMDAC
nm , which

was derived in the previous section, maximizes the DI even at
frequencies higher than the aliasing-free limit frequency. As
previously shown [25], increasing the directivity may come at
the cost of reducing array robustness. It is therefore important
to analyze robustness in addition to directivity. The robustness
of the MD and MDAC beamformers is analyzed next by
comparing the WNG of the two beamformers.
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Fig. 5. Array WNG - comparison between the MD and MDAC beamformers

Fig. 5 presents a comparison between the WNG of the
array with the MD and with the MDAC beamformers. At low
frequencies, the WNG of both beamformers is low due to the
low values of the mode strength, bn(kr), at these frequencies

[25]. However, at high frequencies the WNG of the MDAC
beamformer outperforms the WNG of the MD beamformer.
Thus, in addition to the improvement in DI, the new MDAC
beamformer in this design example displays an improvement
in array WNG with respect to the MD beamformer.

VII. SIMULATION STUDY II - AC WITH OTHER
BEAMFORMING TECHNIQUES

In the previous section the MDAC beamfomer was evaluated
through a simulation study. In this section the AC method
with other beamforming techniques is studied using the same
simulation setup that was previously used. The MGAC is
evaluated first in section VII-A. Beam pattern matching with
LS method is presented in section VII-B. Further analysis of
the space domain SMDAC is presented in section VII-C.

A. MGAC Beamformer

The MGAC beamformer, with coefficients dMGAC
nm that were

presented in equation (52), is evaluated and compared to the
conventional MG beamformer in this section. Figure 6 presents
a comparison between the MG and the MGAC beamfomers,
where figures 6(a) and 6(b) show the WNG and the DI of the
two beamformers, respectively. The MGAC not only achieves
high WNG, but also high DI throughout the entire frequency
range, displaying a significant improvement when compared
to the poor performance of the conventional MG beamformer
at high frequencies. The improved performance of the MGAC
in terms of DI and WNG are similar to the performance of
the MDAC beamformer at high frequencies. Equation (51)
shows that the WNG is affected by spatial aliasing mainly
at the numerator through a distorted beam pattern in the look
direction. Therefore, the improved DI of the MGAC is not
obvious because maximizing the WNG does not necessarily
mean increasing the DI, which requires a narrow main lobe and
lower side-lobes. This result shows that although maximizing
the WNG is different from maximizing the DI, in the studied
examples both solutions yield similar performance at high
frequencies, which is a known property of aliasing-free MD
and MG beamformers at high frequencies [25].

B. Beam pattern Matching with LS

The concept of using LS for designing a set of beamforming
coefficients that match a desired beam pattern was presented
earlier in this paper. The motivation for this method is in its
flexibility - any desired beam pattern can be employed. In this
section an evaluation of two versions of the MD beam pattern
are considered as two simple examples. First, a standard order
N MD beam pattern can be chosen as the desired beam
pattern; thus, in this case

d̃des. = d̃LoMD =

[
dMD

nm

0

]
=

[
Y∗l
0

]
, (68)

where 0 is a (Ñ + 1)
2 − (N + 1)

2 zero column vector.
Substituting equation (68) in equation (66) leads to the low
order MD LS (LoMD-LS) beamforming coefficients given by

dLoMD
LS =

(
DDH

)−1
Y∗l . (69)
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Fig. 6. Comparison of MG and MGAC beamformer performance using (a)
array WNG (b) array DI

The dLoMD
LS and the MDAC solution dMDAC

nm in equation (38) have
a similar form. The difference between the two beamforming
coefficients is that the LoMD uses a standard order N plane
wave Y∗l , while the MDAC uses an aliased order N plane
wave DỸ∗l .

The second version of a desired MD beam pattern
that is evaluated here is a high order MD (HoMD) with
d̃des. = d̃HoMD = Ỹ∗l , which leads to the high order MD LS
(HoMD-LS):

dHoMD
LS =

(
DDH

)−1
DỸ∗l (70)

The HoMD-LS solution is identical to the MDAC solution.
Hence, it interesting to note that in the case of MD beamform-
ing the AC solution is also the LS solution with a reference
to the high order MD.

A performance evaluation of the proposed beamformers
is presented next by calculating the squared error of each
beamformer. A normalized version of the squared error, ε as
in equation (63) is calculated for each beamformer using the
following expression:

ε̂
(
dnm, d̃des.

)
=
ε
(
dnm, d̃des.

)
ε
(
0, d̃des.

) =

∥∥∥d̃des. −DHdnm

∥∥∥2

∥∥∥d̃des.

∥∥∥2 ,

(71)

where 0 is a zero column vector of length (N + 1)
2.

Figure 7 shows the normalized squared error of the HoMD-
LS and LoMD-LS beamformers, compared with the MD
beamformer. The error of the MD and LoMD-LS beamform-
ers is calculated with respect to the ideal low order MD
beamformer coefficients d̃LoMD. The HoMD-LS is designed to
minimize the error relative to d̃HoMD and, therefore, the squared
error is calculated with respect to d̃HoMD as well. It can be
seen that although the squared error of the LoMD-LS and

MD beamfomers increases due to aliasing as the frequency
increases, the LoMD-LS achieves better error results at all
frequencies, compared with the MD beamformer. At very
high frequencies, the normalized squared error tends towards
zero dB, which means that the beamformer coefficients are
equivalent to setting the array output to zero. Thus, the LoMD-
LS beamformer might not be considered useful at very high
frequencies and, indeed, in this case the relatively high values
of the squared error indicate a decrease in the array DI as
well. However, a normalized error with values close to zero
dB may not necessarily indicate poor beamforming perfor-
mance. For example, even though the HoMD-LS beamformer
(which is equivalent to the MDAC beamfomer) achieves a
poor normalized squared error of around −0.25 dB, other
characteristics of the beamformer (such as DI and WNG) were
found to be significantly improved in the previous section. This
result can be explained by the fact that although the desired
beamformer d̃HoMD is not achievable with a low order array,
the LS solution leads to other improved characteristics. This
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Fig. 7. Comparision of the squared error of MD, LoMD-LS and HoMD-LS
beam patterns

implies that the squared error measure does not always reflect
overall performance. The main limitation of the LS method
is that all the degrees of freedom offered by the array order
are utilized to approximate the desired beam pattern and in
the case where the desired beam pattern cannot be obtained
by the array, the squared error will be high. However, using
measures such as DI, or WNG allows more flexibility in the
design of the beam pattern and, therefore, might lead to better
AC results.

C. Space Domain Beamforming

In this section the performance of the space domain beam-
former SMDAC is compared to the SH domain beamformer
MDAC. The DI and WNG of these beamfomers are compared
for the same fourth order (N = 4) array with M = 32
microphones that was considered in the preceding sections.
It is important to note that this array introduces over-sampling
because M = 32 > (N + 1)2. Fig. 8(a) shows the DI of the
two beamformers. Even though the beamformers achieve high
DI at frequencies higher than the aliasing-free limit, the
SMDAC in this case achieves a higher DI than the MDAC
beamformer. Furthermore, at low frequencies, where the MD
or MDAC beamformer is supposed to reach the maximum
achievable DI, given by DImax = 20log10 (N + 1) = 14 dB,
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the SMDAC achieves DI = 15 dB. This result can be
explained by the fact that the SMDAC uses additional degrees
of freedom obtained by the larger number of microphones.
This demonstrates another benefit of the aliasing-cancellation
formulation, i.e. the ability to take advantage of the array over-
sampling to enhance DI to a level, which is higher than the
maximum DI that is achievable in the SH domain.

Fig. 8(b) shows the WNG of the two beamformers. At low
frequencies, the SMDAC achieves a inferior WNG compared
to the MDAC. Thus, in this case, the improved directivity
at low frequencies comes at the expense of lower WNG. In
addition, at frequencies higher than the aliasing free limit, the
SMDAC achieves a higher WNG than the MDAC beamformer.
In conclusion, at high frequencies, the exploitation of addi-
tional degrees of freedom available due to the over-sampling
configuration, may improve both the DI and the WNG of the
array.
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Fig. 8. Space domain and SH domain beamfomring comparison using a fourth
order array with over-sampling (N + 1)2 < M = 32 (a) array DI (b) array
WNG

As shown in section IV, the MDAC and SMDAC beamform-
ers are identical in the special case of an array with no over-
sampling M = (N+1)2. Thus, in the case of a microphone ar-
ray configuration with no over-sampling the above advantages
of the space domain processing with the aliasing model are not
obtained. However, as practical microphone arrays are often
designed with over-sampling [33], [34], [32], the advantages
of the space domain processing may be exploited in practice.

VIII. EXPERIMENTAL INVESTIGATION

In this section an experimental example with a real mi-
crophone array system is presented. The experiment provides
validation for the theoretical MDAC beamformer performance.

A. Experimental Procedure

The experimental measurements were conducted in an ane-
choic chamber with internal dimensions 2 m × 2 m × 2 m, lo-
cated at the Acoustics Laboratory at Ben-Gurion University of
the Negev. Fig. 9 shows the experimental setup, which includes
a single Genelec 8030A loudspeaker located at a constant posi-
tion and a fourth order (N = 4) microphone array that was re-
alized using the em32 Eigenmike. The em32 array is composed
of 32 microphones, which provide an over-sampling factor of
28% compared to the minimum of (N+1)2 = 25 microphones
required to compute the (N + 1)2 significant SH coefficients
that compose the sound field. The microphone array was
leveled and positioned at (x0, y0, z0) = (1.70, 1.65, 1.25) m
and rotated towards the source. The sound source was placed
at (xsrc, ysrc, zsrc) = (0.35, 0.35, 1.25) m, i.e. at direction
(θ, φ) = (90◦, 80◦) relative to the microphone array.

Fig. 9. Experimental setup: (1) em32 array and (2) Genelec loudspeaker in
an anechoic chamber

Measuring the array beam pattern at different frequencies
was performed by applying beamformer coefficients that cor-
respond to different azimuth and elavation look directions on
the plane-wave measured by the array, as described by (30) and
(39). The advantage of steering the beamfomer is that the beam
pattern can be measured in three dimensions, which facilitates
calculating the DI of the array. The expression for the array
beam pattern in equation (39) is symmetric; thus steering
the beamformer look direction is equivalent to changing the
plane-wave direction of arrival when using the MDAC. The
expression for the beam pattern of the conventional MD
beamfomer in equation (30) is not symmetric, and steering
the beamformer instead of the plane-wave will lead to different
results. However, as shown in figure 11, in terms of DI (which,
in our case, represents the amount of spatial aliasing), steering
the beamformer or rotating the plane wave will lead to similar
results.

B. Experimental Results

The array beam pattern presented in this section was
measured for a plane-wave direction of arrival (θ0, φ0) =
(90◦, 80◦) with array look direction (θl, φl) steered towards
different azimuthal directions. The beam patterns of the MD
and MDAC beamformers are compared at two frequencies,
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k1r = 3.6 and k2r = 10.23, that correspond to f1 = 4.64 kHz
and f2 = 13.2 kHz, respectively. A plane-wave order Ñ = 20
is assumed to calculate the MDAC beamfomer, which allows
an accurate model of the plane-wave. Figure 10(a) shows
a comparison between the beam patterns of the MD and
MDAC beamformers at the first frequency, which is lower
than the aliasing-free limit frequency by 10%. No spatial
aliasing is therefore expected at k1r = 3.6 and a similar
beam pattern is achieved by the two compared beamformers.
The DIs of the measured beam pattern of both beamformers
were calculated and found to be identical, with a value of
DI = 13.7 dB, which is close to the theoretical MD value
DI = 20 log10(N + 1) = 14 dB. Figure 10(b) presents a
further comparison between the beam patterns at the second
frequency, k2r, which is higher than the aliasing-free limit by
155%. Significant spatial aliasing is therefore evident in the
beam pattern of the MD beamformer. In contrast to the high
side-lobes and distorted main lobe of the MD beamformer,
the beam pattern of the MDAC beamformer has suppressed
side-lobes, and a main lobe that is very narrow, even when
compared with the main lobe at the lower frequency, k1r.
Moreover, despite the higher side-lobes level of the the MDAC
beam pattern at k2r compared with k1r, the narrower main
lobe preserves the overall high directivity of the beam pattern
with DI = 13.3 dB, compared with DI = 13.7 dB at k1r.
This result demonstrates the improvement in beam pattern
characteristics achieved by the new MDAC beamformer, com-
pared to the standard MD beamformer, which achieves a low
DI = 8.2 dB due to spatial aliasing.
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Fig. 10. Beam pattern of a third order array: comparison between MD and
MDAC beamformers at different frequencies, (a) kr = 3.6 (f = 4.64 kHz)
and (b) kr = 10.23 (f = 13.2 kHz)

Further analysis of the MDAC beamformer is provided by
comparing the DI of the MD and the MDAC beamformers over
a broad operating frequency in the range f ∈ [0.3, 13.5] kHz.
In practice, due to measurement errors such as microphone
noise a regularization of the low values of the mode strength,
bn (kr), which composes matrix C in the estimation of anm

(equations (11) and (23)) was performed based on soft-
limiting, as presented by Bernschutz et al. in[35] Figures 11
and 12 show a comparison between the DI of the two beam-
formers over the entire operating frequency, where Fig. 11
presents a simulation result obtained with the same parameters
and regularization as in the experiment. An additional result
in Fig. 11, noted by MD*, presents the original DI obtained
for the same array in section VI for comparison. Fig. 12
presents the measurement result. Both in the simulation and
in the experimental results, the DI of the MDAC remains

high with the increase in frequency while the DI of the
MD decreases. This result shows that the MDAC improves
performance significantly, with respect to the MD, and that
simulation results describe quite accurately the experimental
results.

The directional response of the MD and the MDAC beam-
formers is now compared over the same broad operating
frequency. Figures 13 and 14 show a comparison between
the directional response of the two beamformers over the
entire operating frequency range, where light and dark colors
indicate high and low responses, respectively. Fig. 13 shows
a simulation result and Fig. 14 shows an experimental result.

At low frequencies the expressions for the MD and the
MDAC directional responses in equations (21) and (39) were
found to be identical, as described in section VI-A and
as can be seen in Fig. 14. However, at higher frequencies
Fig. 14 shows that the MDAC beamformer achieves lower
side lobes compared to the MD beamformer at the same
frequencies, as well as a narrower main lobe compared to all
frequencies. These improvements in the directional response
increase array directivity at high frequencies and increase the
overall operating frequency of the array.
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Fig. 11. Simulation array DI: comparison between the MD and MDAC beam-
formers. The simulation was carried out with the experimental parameters
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former. The simulation was carried out with the experimental parameters

IX. CONCLUSION

A new spherical microphone array equation with an aliasing
model for describing high sound field orders, aliased into the
lower array orders, was developed. This formulation was found
to be useful for the design of an optimal MDAC beamformer.
The new beamformers achieve higher DIs with a narrower
main lobe and lower side lobes, compared with the standard
MD beamformer, especially at high frequencies previously
considered to be out of the microphone array operating range.
It was also found that the MDAC beamformer achieves higher
WNG at high frequencies. Moreover, it was found that the
space domain processing with SMDAC can obtain a DI that
is higher than the spherical-harmonics domain MD, at high
and low frequencies. The SMDAC also achieves a WNG
which is higher than the SH domain MG at high frequencies.
In addition to the MDAC beamformer, other beamforming
techniques with aliasing cancellation, such as MVDR, MG,
and LS based design, were developed. A simulation study
and an experimental validation that demonstrates the improved
performance of the proposed beamformers were presented.

In this paper it was assumed that the array microphones are
arranged on the surface of a rigid sphere. The MDAC beam-
formers can also be generalized for other array configurations
such as microphones arranged in the volume enclosed by a
sphere. The array geometry and sampling scheme determine
the spatial aliasing pattern and might, therefore, affect the
performance of the aliasing cancellation beamformer. The
design of an array geometry that would make it possible to
achieve optimum performance using the aliasing cancellation
beamformer is suggested for future research. Furthermore,
optimizing the aliasing-cancellation beamformer with respect
to other criteria, such as maximum side-lobe level [24], which
might better suit different broadband applications, is also
suggested for future work.
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